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A Class of Maximal Permutation Cliques 
PASQUALE QUATIROCCHI 
The notion of maximal permutation clique is due to M. Deza [1]. In this paper we construct 
infinitely many examples of maximal permutation cliques, using 2 - (v, k, 1) designs. 
Let L be a given subset of E ={1, 2, ... ,n} and let A be a subset of the symmetric 
group Sn; for any a, ~ E Sn the (Hamming) distance of a from ~ is defined by d(a,~) = 
I{ i E E: a (i) ¢ ~ (iHI. The permutation set A is said to be an (L, n) -clique if L = 
{d(a, ~): a, ~ E A; a ¢ ~}. The concept of (L, n)-clique generalizes the notion of equidis-
tant permutation array, well known in literature; exactly: an equidistant permutation 
array is any (L, n)-clique with ILl = 1. The permutation (L, n)-clique A is said to be 
maximal if Au {u} is not an (L, n) -clique, whenever U E Sn - A. 
A 2-(v, k, 1) design D is a collection 00 of nonempty subsets (called blocks) taken 
from a finite set r!/' having v elements (called points) such that: 
(a) any two distinct points are contained in exactly 1 block; 
(b) every block contains exactly k points. 
Let D be a 2-(v, k, 1) design and 1001 = b; then, every point is contained in exactly r 
blocks and the equations v-I = r(k -1), bk = rv are satisfied. Taking a projective plane 
7T of order n, P. Lorimer [2] constructed a maximal equidistant permutation array such 
that every permutation acts on the n2 + n + 1 points of 7T and any two distinct permutations 
have distance d = 2n + 1, i.e. a maximal (L, n 2 + n+ I)-clique with L ={2n + I}. By a dual 
argument, S. A. Vanstone [3] generalized the result by Lorimer and constructed a maximal 
equidistant permutation array A starting from a 2 - (v, k, 1) design (k ~ 3); every permuta-
tion of A acts on the block-set of D and any two distinct elements of A have distance 
d = 2r-l, where r is the number of blocks through a given point. Further results on 
maximal equidistant permutation arrays are given in [4]. 
We apply the original idea by Lorimer to any 2-(v, k, 1) design D. Let r!/' be the point 
set of D and 00 the block set. For each block BE 00 take a permutation DB which acts 
on r!/' such that 
Put M ={DB: B E OO}, Ll ={2k-l}, L ={2k-l, 2k}; we have the following 
THEOREM. If v = e - k + 1 then M is a maximal (L 1 , v) -clique; if v ¢ k 2 - k + 1 and 
k> 2 then M is a maximal (L, v) -clique. 
PROOF. If v = e - k + 1 then D is a projective plane of order k -1 and the set M is 
the maximal equidistant permutation array constructed in [2]; any two distinct elements 
of M have the distance d = 2k -1 and so M is a maximal (Lh v) -clique. 
Let v ¢ e - k + 1 and k > 2. In this case we have r> k and if B, C E 00, B ¢ C, then 
d(DB' Dc) = 2k or d(DB, Dc) = 2k -1 depending on whether B (l C = 0 or B (l C ¢ 0 
respectively. This proves that M is an (L, v)-clique. If M is not maximal, then there 
exists a permutation at. M acting on r!/' such that M u {a} is an (L, v) -clique. Suppose 
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that a fixes t points of g; and moves v-to For any BE 00 we have d(DB , a) =2k or 
d(DB , a) = 2k -1; therefore a coincides with any DB E M in at least v - 2k points. Hence 
the total number of coincidences between a and elements of M is at least 
(v-2k)b. 
On the other hand: if a fixes a point x, it coincides at x with the b - r permutations of 
M fixing x; if a moves x, then a coincides at x with at most one permutation of M, 
which is determined by the fact that it moves the points of the block joining x and a(x). 
Hence the total number of coincidences between a and elements of M is at most 
(b-r)t+v-t. Then we have 
(v-2k)b:s;; (b-r)t+ v-to (1) 
If a fixes each point of a block C we have d(Doa)=k+v-t; then t=v-k or 
t = v - k + 1; therefore a moves at most k points. Let y be a point moved by a and let 
B be the block joining y and a(y); suppose that a moves h points of the block B; since 
a moves y and a(y) also, we have h~2. The permutation a moves at most k-h points 
not on B, therefore d (DB, a) :s;; k + k - h :s;; 2 k - 2 and this contradicts the statement 
d (DB, a) = 2 k or 2 k - 1. Hence for each B E 00 there exists at least one point p E B moved 
bya. 
Given a block B, suppose there exist q points which are fixed both by a and DB; then 
q:s;; v-2k + 1 and there exist t-q ~ t- v+2k -1 points fixed by a and moved by DB; 
these points are all on B and because a cannot fix all points of a block we have t - q < k 
and hence t:s;; v - k. Suppose t = v - k; in this case for every C E 00 there exist z, y E C 
such that a(z) = z and a(y) "" y; then there exist at least r+ 1 points moved by a and 
this leads to r + 1 :s;; k, a contradiction. 
Suppose t = v - k -1; in this case there exists a block B and a point x E B such that: 
B contains two points y, a(y) moved by a; x is fixed by a and each block through x 
contains at least a point moved by a. Hence r + 1 :s;; k + 1 and this contradicts the assumption 
that D is not a projective plane. Suppose t:s;; v - k - 2; this and (1) imply (v - 2k)b - v'" 
(v- k-2)(b-r-1) and 2rv:s;; (r+ 1)(e+2k); from the hypothesis v"" k 2 - k+ 1 we 
have v ~ e and then 
2rk:s;;(r+1)(k+2); (2) 
this leads to e:s;; 2k +4, a contradiction for every k ~ 4. Suppose now k = 3; then (2) leads 
to r = 5 or r = 4. 
The non-existence of a 2 - (v, 3, 1) design with r = 5 implies r = 4 and hence D is the 
affine plane of order 3. From t:s;; v - k - 2 and (1) we obtain t = 4. In this case, a fixes 4 
points no three of which lie on a line of D; let x, y be two points fixed by a and let B 
be the line through x, y; then d(DB' a) = 7, a contradiction. 
This completes the proof of the theorem. 
OBSERVATION. The permutation set M defined above and constructed starting from 
the affine plane of order k = 2 is not a maximal clique. 
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